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In� uence of Multipolar and Induction Interactions
on the Speed of Sound
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At large distances between molecules, the intermolecular forces are essentially attractive. They can be classi� ed
conveniently into three types, that is, multipolar, induction, and dispersion forces. We consider rigid nonlinear
molecules with enough symmetry so those principal axes of the quadrupole tensor of the polarizibility coincide.
Multipolar and induction interactions are calculated with the help of quantum mechanical calculations of the
intermolecular energy function and the help of perturbation theory. The multipole expansion is terminated at the
quadrupole term. The focus is on the development of a mathematical model for calculation of the in� uence of
multipole and induction interactions on the speed of sound and other thermodynamic functions of state. For the
calculation of the thermodynamic functions of state, perturbation theory with the Lennard–Jones potential as the
reference is used. The thermodynamic and structural properties of the Lennard–Jones system are known from
MonteCarlo and moleculardynamicscomputer simulations.All importantcontributionsare featured (translation,
rotation, internal rotation, vibration, intermolecular potential energy, and the in� uence of electron and nuclei
excitation). The analytical results are compared with the experimental data and models obtained by classical
thermodynamics and show relatively good agreement.

Nomenclature
A = free energy, J
A ¤ = reduced free energy
ai = coef� cient to the Lennard–Jones part of free energy
bi = coef� cient of the Lennard–Jones contribution

to the free energy
C p = heat capacity at constant pressure per mole,

J/kmolK
c0 = speed of sound, m/s
di = coef� cient of the QUACBACKONE

and DIBACKONE equations
E = electric � eld, V/m
f = number of degrees of freedom
G = free enthalpy, J
G i = coef� cient of the Lennard–Jones contribution

to the free energy
g = radial distribution function
H = enthalpy, J
h,h̄ = Planck constant, Js
J = integral of pair correlation function
k = Boltzmann constant, J/K
ki = coef� cient of the QUACBACKONE

and DIBACKONE equations
L = integral of triplet correlation function
M = molecular mass, kg/kmol
m i = coef� cient of the QUACBACKONE

and DIBACKONE equations
N = number of molecules in system
ni = coef� cient of the QUACBACKONE

and DIBACKONE equations
oi = coef� cient of the QUACBACKONE

and DIBACKONE equations
P = pressure, Pa
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Pl = Legendre function
p = momentum, N/s
q = molecule charge, C
qp = charge density, C/m
Rm = universal gas constant, J/kmolK
r = intermolecular distance, m
S = entropy, J/K
T = temperature, K
Tp = reference temperature of the QUACBACKONE

and DIBACKONE equations,K
T ¤ = reduced temperature
U = internal energy, J
u = intermolecular potential, J
V = volume, m3

V0 = reference volume of the QUACBACKONE
and DIBACKONE equations,m3

xi = coef� cient to the Lennard–Jones part of free energy
Z = partition function
a = polarization constant, m3

b = element of multipole tensor, m
b P = volumetric expansion coef� cient, K ¡ 1

c = element of multipole tensor, m
c V = pressure coef� cient, K ¡ 1

d = molecule moment, Nm
e = Lennard–Jones parameter, J
f = element of multipole tensor, m
h = quadrupole moment, Cm2

h ¤ = reduced quadrupole moment
l = dipole moment, Cm
l ¤ = reduced dipole moment
N = Hamiltonian, J
q = number density, m ¡ 3

q ¤ = reduced density
r = Lennard–Jones parameter, m
u 1 = internal angle at molecule 1, rad
v T = isothermal compressibility,bar ¡ 1

w = molar fraction
x = orientation of molecule, rad

Subscripts

att = attraction
conf = con� guration
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D = in� uence of dipole moments
el = in� uence of electron excitation
ir = internal rotation
nuc = in� uence of nuclear excitation
Q = in� uence of quadrupole moments
rep = repulsion
rot = rotation
trans = translation
vib = vibration
0 = ground state

Superscripts

disp = dispersion
ind = induction
mult = multipole moments
pert = perturbation
k , k k , k k k = � rst-, second-, and third-orderof perturbation

Introduction

T HE calculationof the thermodynamicpropertiesof state of re-
frigerantsis exceptionallyimportant in cooling system process

design. In engineering practice, the cooling process calculation is
most often carried out by means of charts, diagrams,or predesigned
computer programs. Looking for thermodynamic quantities using
diagrams and charts is extremely time consuming. With computer
programs, on the other hand, the time required for data collection is
substantially shortened, thus enabling us to calculate properties of
some of the most frequently employed refrigerants, although com-
puter programsallowonly the calculationof certain thermodynamic
properties, such as entropy, pressure, and enthalpy of a mixture. In
practicewe also oftenuse equationsof state (EOS) obtainedthrough
classical thermodynamics.Classical thermodynamicscalculates the
thermodynamic properties of state on the basis of macroscopic ob-
servationof substances.The equationsobtained by means of classi-
cal thermodynamics are empirical and apply only in the region un-
der observation.The main drawback of classical thermodynamicsis
that it lacks the insight into the substance microstructure.Contrary
to classical thermodynamics, statistical thermodynamicscalculates
the thermodynamicpropertiesof state on the basis of intermolecular
and intramolecular interactions between particles in the same sys-
tem of molecules. It dealswith the systemscomposedof a very large
number of particles. The main tasks of statistical thermodynamics
is to derive thermodynamic laws and design a mathematical model
for the calculation of macroscopic properties of matter.

In this paper we tried to calculate thermodynamic properties of
state with the help of statistical thermodynamics.

The calculationof the thermodynamic functions of state for non-
isotropic � uids is made possible by many statistical theories.1 ¡ 24

One of the most successful is perturbationtheory with the Lennard–

Jones � uid as the reference.3,6,7

To comparetheaccuracyof analyticalmodelsweoftenusenumer-
ical methods.The Monte Carlo methodand the methodof molecular
dynamics have found particularly good application. In equilibrium
thermodynamics the most favorable results are obtained by means
of the Monte Carlo method.1 Neither method is suitable for prac-
tical use because they require too much computer time. By means
of modi� ed thermal equations and approximate procedures, the re-
sults of numerical methods may be used to de� ne the coef� cients
in the equations. The methods based on approximate procedures
and numerical simulation are widely used in practical calculation
of thermodynamic properties of state. Their great advantage over
analytical models is mathematical simplicity.

Computation of Thermodynamic Properties of States
To calculate thermodynamic functions of state we applied the

canonicalpartition.25 The semi-classicalformulationfor thepurpose
of the canonicalensemble for N indistinguishablemolecules can be
expressed as follows4:

Z =
1

N !hN f

£ . . . exp ¡
N

kT
d r1 d r2 , . . . , drN dp1 dp2 , . . . , dpN

(1)

where N is the Hamiltonianmoleculesystem.The canonicalensem-
ble for a system of N molecules can be represented by

Z = Z0 Z trans Zvib Z rot Z ir Z el Znuc Z conf (2)

Thus the partition function Z is a product of terms of the ground
state, the translation, the vibration, the rotation, the internal rota-
tion, the in� uence of electron excitation, the in� uence of nucleus
excitation, and the in� uence of the intermolecularpotential energy.
The canonical theory for computing the thermodynamic functions
of the state can be represented as follows26,27:

P = kT
@ Z
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, A = ¡ kT Z (3)

Using Eq. (3) we can also calculate and express with the free
energy some derived thermodynamic properties of state, which are
very important in planning and monitoring the engineering pro-
cesses:
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(4)

Let us try to � nd a connection between the pressure coef� cient c V ,
volumetricexpansioncoef� cient b P , and isothermalcompressibility
v T :

b P =
1
V

@V

@T
P, w

(5)

dV =
@V

@T
P, w

dT +
@V

@P
T , w

dP (6)

dP =
@P

@V
T , w

dV +
@P

@T
V , w

dT (7)

When Eq. (6) is integrated into Eq. (7), we obtain
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dP =
@P

@V
T

@V

@P
T , w

dP +
@V

@T
P , w

dT +
@P

@T
V , w

dT

(8)
After rearranging the preceding equation, we can write

b p = P c V v T (9)

The computation of the individual terms of the partition func-
tion and their derivatives, except for the con� gurational integral, is
dealt with in various works.3,25 ¡ 27 In this paper we focus on the
calculationof speed of sound. The term speed of sound refers to the
speed of the mechanical longitudinal pressure waves propagating
througha medium.28 It is a very important parameter in the study of
compressible� uids � ows and in some applicationsof measurement
(acoustic resonance level gauge).

The propagation of sonic waves for real � uids is almost in all
cases nearly isentropic. Therefore, we can calculate the isentropic
speed of sound for a real � uid c0:

c0 = ¡ V 2
@P

@V
S , w

1
M

(10)

where w is molar concentration.
With help of the � rst and second law of thermodynamics,we can

express the isentropic speed of sound:

dS =
CP

T
dT ¡

@V
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P, w

dP = 0

=
CP

T
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@T

@V
p, w

¢ dV +
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dP = 0 !
@P

@V
S , w

=
CP / T (@T / @V ) p, w

(@V / @T )P , w ¡ CP / T (@T / @P)V , w
(11)

c0 =
( ¡ V 2 / M)(CP / T )(@T / @V ) p, w

(@V / @T ) p, w ¡ CP / T (@T / @P)V , w

= ¡
V CP

MT b P ( b p V ¡ CP b P / T v T )
(12)

Therefore, the velocityof sound is a functionof the thermodynamic
properties of the � uid. It is evident from Eqs. (4–9) that all thermo-
dynamical properties in Eq. (12) are expressed by free energy.

Intermolecular Potential
Moleculesare composedof positiveand negativecharge.Accord-

ing to Coulomb’s law of electrostatics, the charges interact and the
interaction energy between the molecules in the system is called
intermolecularenergy.Hence, we say that intermolecularforces are
of an electrostatic nature.

The analytical computation of intermolecular potential is ex-
tremely complex.2,3,29,30 As far as certain simple systems are con-
cerned, the problem is solvable, although the equations thus ob-
tained are very complicated.This is why further analytical solution
of a con� guration integral is exceptionally dif� cult. In general, the
assumption about the sum of repulsive and attractive forces is suf-
� ciently accurate. If intermolecular potential is denoted by u, then
it can be written as

u = urep + uatt (13)

Fig. 1 Molecular multipole moments.

The occurrenceof the repulsive force is associatedwith the Pauli
exclusionprinciple.If two molecules approachone anotherwithin a
very short distance, so that the electronic clouds of both molecules
begin to coincide, certain electrons in the molecule have to move
to higher energy levels due to the exclusion principle, made pos-
sible only through the supply of suf� cient energy, resulting in the
occurrence of the repulsive force.

Attractive intermolecular potential consists in general of three
parts described next.

The � rst part is multipole or electrostatic force potential,
which occurs due to the manifestation of static permanent dipole,
quadrupole,and multipolemoments or asymmetricaldistributionof
the chargein molecules.In this case the summationofCoulomb’s in-
teractionsbetweenpositivelychargednuclei and negativelycharged
electrons of a certain molecule with the adequate charge of another
molecule gives, in general, a certain value of intermolecularenergy.
The interactionsbetween moleculespossessingmultipolemoments
result in attractive forces, which are dependent on the orientation
of the molecules in space. The distribution of charge can in general
be described or denoted by multipole molecule moments. Figure 1
shows some of the lowest orders. A neutral atom with the nega-
tive cloud center of gravity coinciding with the center of gravity
of a positive nucleus has a zero dipole moment. The � rst order of
multipole moments is called a dipole moment and is created if the
centers of gravity of positive and negative charge fail to coincide.
It is represented by a partial positive and negative moment d at a
certain distance r , which creates the moment r d . In many cases
the molecules have no dipole moments due to the symmetry of the
charge.Nevertheless, they can have even higher orders of multipole
moments, for example, quadrupole and octopole moments.

In general, multipole moments can be written as tensors3 in the
Cartesian coordinate system for the f , b , and c elements of multi-
pole tensors.

Molecule charge:

q = qp d r (14a)

Dipole:

l f = qp f ¢ d r (14b)

Quadrupole:

h f b =
1

2
qp 3f b ¡ r 2 d f b d r (14c)

Octopole:

X f b c =
1
2

qp 5f b c ¡ r 2( | d b c + b d c f + c d f b ) dr (14d)

where d f b = 1 if f = b and d f b =0 if f 6= b . Higher orders may be
de� ned as well, but they are very rarely used in calculations.

The second part is induction force potential. The neutral atom
with the negative electron cloud center of gravity coinciding with
the center of gravity of the positive nucleus has no dipole moment.
If, for example, such an atom is approached by another atom with
a dipole moment, the dipole moment µ ind is induced in the neutral
atom, proportional to the electric � eld of the dipole moment E:

µ ind = ®E (15)
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This phenomenon is called redistribution of molecular charge or
polarization. The redistribution of the molecular charge is shown
in Fig. 2. The constant a is called the polarization constant. The
polarization effect occurs also when two molecules with multipole
moments approach one another.

In general, the polarization constant in a system of molecules
with multipole moments is a tensor. The analytical calculation of
tensor components of the polarization constant is very complex. In
practical computations we usually satisfy ourselves with the mean
polarization constant:

a = 1
3 ( a x x + a yy + a zz) (16)

The electrostatic and inductive potentials occur in the case of
polar molecules, where the potential energy is not dependent on
the distance only, but also on the in� uence of the orientation of a
molecule in space.

The third part is dispersion force potential. This occurs both in
polar and nonpolar molecules. It results from time-varying dipole
moments. In most cases the potentialof dispersionforces represents
the most important element. In general, an example of nonpolar
molecules can be expressed by the following relation:

udisp = C1 r 6 + C2 r 8 + C3 r 9 (17)

where C1, C2, and C3 are constants.
Table 1 illustrates the in� uence of multipole, dispersion, and in-

ductive forces on thermodynamic properties of state at an inter-
molecular distance r . Note that Table 1 shows the impact of mul-
tipole, inductive, and dispersion forces varying considerably with
differentmoleculesof refrigerants.The in� uenceofmultipoleforces
is the highest with water as the refrigerant medium (R 718), rep-
resenting even today one of the major problems in calculating the
thermodynamic functions of state.

In general, one may establish the following points.
1) The effect of inductive forces is very low in almost all cases.

With certain high-polar molecules, however, the effect of multi-
polar forces is very often the same magnitude as the dispersion
forces.

2) The computation of thermodynamic properties of state us-
ing isotropic potentials is good enough for nonpolar and low-polar
molecules.

Fig. 2 Molecule
polarization.

Table 1 Impact of molecular structure on multipole, inductive,
and dispersion contribution30

Interaction energy, kJ/mol
Refrigerant r, nm Multipole Inductive Dispersion

R 740 0.37 —— —— ¡ 1.1
CO 0.40 —— ¡ 0.000006 ¡ 1.3
R 717 0.29 ¡ 6.2 ¡ 0.9 ¡ 12.9
R 718 0.30 ¡ 16.1 ¡ 0.9 ¡ 5.3

Table 2 Coef� cients for calculation of the con� guration contribution to free energy

i ai bi G i

1 x1T ¤ + x2

p
T ¤ + x3 + x4 / T ¤ + x5 / T ¤ 2 x20 / T ¤ 2 + x21 / T ¤ 3 (1 ¡ F) / (2 c )

2 x6T ¤ + x7 + x8 / T ¤ + x9 / T ¤ 2 x22 / T ¤ 2 + x23 / T ¤ 4 ¡ (Fq ¤ 2 ¡ 2G1) / (2 c )
3 x10T ¤ + x11 + x12 / T ¤ x24 / T ¤ 2 + x25 / T ¤ 3 ¡ (Fq ¤ 4 ¡ 4G2) / (2 c )
4 x13 x26 / T ¤ 2 + x27 / T ¤ 4 ¡ (Fq ¤ 6 ¡ 6G3) / (2 c )
5 x14T ¤ + x15 / T ¤ 2 x28 / T ¤ 2 + x29 / T ¤ 3 ¡ (Fq ¤ 8 ¡ 8G4) / (2 c )
6 x16 / T ¤ x30 / T ¤ 2 + x31 / T ¤ 3 + x32 / T ¤ 4 ¡ (Fq ¤ 10 ¡ 10G5) / (2c )
7 x17 / T ¤ + x18 / T ¤ 2 —— ——
8 x19 / T ¤ 2 —— ——

3) For the computation of thermodynamic properties of state of
high-polar molecules, primarily in the area of liquids, the theory of
anisotropic potentials needs to be taken into consideration.

Reference Intermolecular Potential
For the calculation of thermodynamical properties of state, the

Lennard–Jones (LJ) � uid is the most widely used model. In our
case, we used the LJ � uid as the reference model for the calculation
of in� uences of multipolar and inductive interactions.To calculate
the LJ � uid properties,the most widely used method in the engineer-
ing practice has been the modi� ed Benedict–Webb–Rubin (BWR)
thermal equation of state, containing 33 necessary constants,31 ¡ 34

of which 32 are linear coef� cients xi and one is also nonlinear c .
We used the results of Johnson et al.34 [Johnson–Zollweg–Gubbins
(JZG)], who provide, contrary to others,31 ¡ 33 more favorable results
over the entire region. The JZG model perfectly discerns thermo-
dynamic properties of state from the triple point to the four- and
� vefold value of critical temperature and over the entire liquid–gas
region. By means of the modi� ed BWR thermal equation of state,
the con� guration contribution to the free energy can be written as

A ¤
LJ =

8

i = 1

ai q
¤ i

i
+

6

i = 1

bi G i (18)

In Eq. (18), A ¤
LJ is reduced contribution to the con� guration free

energy, and

q ¤ = N r 3 / V , T ¤ = kT / e

A ¤
LJ = ALJ / N e , F = exp( ¡ c q ¤ 2) (19)

The coef� cientsai , bi , and G i requiredfor the calculationin Eq. (18)
are given in Table 2.

Impact of Anisotropic Potentials on Thermodynamic
Functions of States

Models that yielded favorable results in practical computations
for a large number of componentsand within a relativelywide range
of density and temperature were used.

The Müller–Winkellman–Fischer (MWF) (see Refs. 10–13)
model deals with the in� uence of quadrupole and dipole moments
on thermodynamic properties of state. The method is based on the
assumption of nonindependence of dispersion forces, dipole, and
quadrupole moments. Using this assumption, we can write that the
free con� gurationenergy of the system of molecules equals the sum
of its individual parts:

Aconf = ALJ + AD + AQ (20)

In Eq. (20) ALJ is the impact of the LJ � uid. The free energy of the
LJ � uid ALJ was calculated using the JZG model, that is, Eq. (18).
AD and AQ are the in� uence of dipole and quadrupolemoments on
free energy. Here,

l ¤ = l
p

e r 3, h ¤ = h
p

e r 5 (21)

where the coef� cients l ¤ and h ¤ are reduceddipole and quadrupole
moments.
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The in� uence of the dipole moments is

AD

Rm T
=

28

i = 1

di
T

Tp

n i / 2
V0

V

m i / 2

l ¤ 2 ki / 4
exp ¡ oi

V0

V

2

(22)

which is called the DIBACKONE equation. Coef� cients V0 and Tp

are determined for each component separately, and coef� cients ni ,
m i , di , ki , and oi are presented in the literature.10

The in� uence of the quadrupole moments is

AQ

Rm T
=

17

i = 1

di
T

Tp

ni / 2
V0

V

m i / 2

h ¤ 2 ki /4
exp ¡ oi

V0

V

2

(23)

which is called the QUACKBACKONE equation. Coef� cients ni ,
m i , di , ki , and oi are presented in the literature.10

The Lucas–Gubbins model (see Refs. 3, 6, and 24) deals with
the perturbation expansion around the LJ intermolecular potential.
The total intermolecular potential can be written as a sum of the
LJ intermolecular potential and the potential that also takes into
account the orientation of a molecule in space:

u12(r12, x 1 , x 2) = uLJ12 (r12) + upert12 (r12 , x 1, x 2) (24)

where r12 is the distancebetweenthecentersof gravity formolecules
1 and 2 and x 1 and x 2 are orientations of both molecules in space,
which may be expressedwith Euler’s angles. The reference part uLJ

can also be written as a certain mean intermolecular energy at the
distance r12:

uLJ12 (r12) = h u12(r12 , x 1, x 2) i x 1 x 2 =
u12(r12 , x 1, x 2) d x 1 d x 2

dx 1 dx 2

(25)
Now suppose that the sum of intermolecular potential energy is

Uconf =
i < j

ui j =
i < j

uLJi j (ri j ) +
i < j

upert
i j (ri j , x i , x j ) (26)

Using the perturbation expansion around the reference potential,
one can then write the con� guration effect on the free energy as

( Aconf / NkT ) = ( ALJ / N kT ) + ( A k / N kT )

+ ( A k k / NkT ) + ( A k k k / N kT ) (27)

The free energy of the LJ � uid ALJ was calculated using the JZG
model, that is, Eq. (18).

We considerrigidnonlinearmolecules3 with enoughsymmetryso
that the principal axes of the quadrupoletensor coincide.The multi-
pole expansionis terminatedat the quadrupoleterm. Intermolecular
repulsion interaction is modeled by the LJ r ¡ 12 law. The induction
interactions are formulated in the isotropic polarizibility approxi-
mation. Intermolecular interactions are limited to the second-order
term, and cross terms between intermolecular interactions are not
considered.

Much recent academic study in molecular thermodynamics has
beendirectedtoward more complextheorieswithout adequateatten-
tion to how such theoriesmay be used in practical thermodynamics.
This simpli� ed model is a compromisebetween the analyticalmod-
els from the literature2,3,6 and the technicallyimportant resolutionof
mathematical problems, which allows the calculation of thermody-
namic properties of state of interesting refrigerants and the impact
of anisotropic effects on the speed of sound.

The con� gurationalfreeenergyis givenas follows.The � rst-order
terms are the inductive forces:

A k

NkT

ind

= ¡ 4 p
N

V
1

kT
a l 2

x + l 2
y + l 2

z

J (6)
r 3

+ h 2
x + h 2

y + h 2
z

J (8)
r 5

(28)

The second-order terms consist of multipole forces:

A k k

NkT

mult ¡ mult

= ¡
p N

(kT 2)V
2

3
l 2

x + l 2
y + l 2

z

2 J (6)
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+
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z h 2
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+
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45
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z h 2
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(29)

and inductive forces:

A k k

NkT
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=
A k k

NkT

ind ¡ ind

A

+
A k k

N kT
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B
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NkT
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A
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9N p

V (kT )2
a 2 2

45
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x + l 2
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z

2 J (12)
r 9
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24
25

l 2
x h

2
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y h
2
y + l 2

z h
2
z

J (14)
r 11

+
32
315

l 2
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z

2

£ h 2
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z
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r 11

+
1024

4725
l 2

x h
2
x + l 2

y h
2
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z h
2
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5

8
l 2
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5

8
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5

8
l 2

z h x h y
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+
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315
h 2

x + h 2
y + h 2

z

2 J (16)
r 13

(30)

A k k

NkBT

ind ¡ ind

B

= ¡
9p 2 N 2

(V kT )2
r 2 a 2 48

25
l 2

x h
2
x + l 2

y h
2
y + l 2

z h
2
z

£
L(1, 7, 7)

r 10
+

4

45
l 2

x + l 2
y + l 2

z

L(2, 6, 6)
r 8

+
64

315
l 2

x

+ l 2
y + l 2

z h 2
x + h 2

y + h 2
z

L(2, 6, 8)
r 10

+
256
2205

h 2
x + h 2

y + h 2
z

£
L(2, 8, 8)

r 12
+

2048

4725
l 2

x h
2
x + l 2

y h
2
y + l 2

z h
2
z ¡

5

8
l 2

x h z h y

¡
5

8
l 2

y h x h z ¡
5

8
l 2

z h x h y
L(3, 7, 7)

r 10
+

16

441
h 2

x + h 2
y + h 2

z

2

£
L(4, 8, 8)

r 12
(31)

The structural properties of the LJ potential are introduced via the
J and L integrals expressed as

J (n) =
1

0

1
r ¤ n

gLJr
¤ 2 ¢ dr ¤

L(l; n, n 0 ) =
1

0

1

0

1

¡ 1

Pl (cos u 1)

£ gLJ3r
¤ (2 ¡ n)
12 r ¤ (2 ¡ n 0 )

13 dr ¤
12 dr ¤

13 d(cos u 1) (32)

r ¤ = r / r

where gLJ and gLJ3 are pair and triplet radial distributionsfunction3

for the LJ potential, Pl (cos u 1) is the Legendre function, and u 1 is
the internalangle at molecule1 for the triangleformedby molecules
1, 2, and 3.

The J and L integrals are calculated by numerical integration
over tabulated pair correlation functions. We calculated the J and
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Table 3 Constants necessary for calculation of speed of sound

LJ parameters Reduced multipole moments

LG model (LGa and LGb) MWF model
Polarization constant =

Mixture r = 1010 m e = 1021 J a 1030 m3 l ¤ h ¤ l ¤ h ¤

R 290 4.51 4.27 —— —— h ¤
z = ¡ 0.86 —— ¡ 1.28

R 50 3.76 2.05 2.5 —— —— —— ——
R 744 3.94 2.69 2.7 —— h ¤

x = 0.88, h ¤
z = 1.09 —— ¡ 2.815

R 717 2.92 7.52 2.4 l ¤
z = ¡ 1.4 h ¤

z = ¡ 0.588 ¡ 3.03 ¡ 1.93

L integrals with the help of simple interpolation equations from
Ref. 31, labeled LGa, and Ref. 14, labeled LGb.

Mixtures
The thermodynamicpropertiesof realmixturesareobtainedusing

the one-� uid theory.6,35 The molecules interactingwith LJ potential
have parameters r and e given by

r 3 =
i, j

w i w j r
3
i j , e r 3 =

i, j

w i w j e i j r
3
i j (33)

r i j = ( r ii + r j j ) /2, e i j =
p

e ii e j j (34)

We calculated all other important parameters with the help of the
following mixing rule. For some general parameter K we can write

K =
i

w i K i (35)

Results and Discussion
We have carried out the calculations for propane R 290 (C3H8 ),

a mixture of 70% methane R 50 (CH4 ) and 30% carbon dioxide R
744 (CO2 ), and ammonia R 717 (NH3 ). Table 3 shows some im-
portant constants needed for the calculation of the speed of sound
on the basis of statistical thermodynamics.The constantsnecessary
for computation, such as LJ parameters, polarization constant and
reduced multipole moments, are obtained from data2 ¡ 4,6,10 ¡ 13,21,25

and from comparison between analytical and experimental results.
The comparison of our calculations with the models obtained by
classical thermodynamics[Jacobsen–Stewart model (JS) (Jacobsen
et al.36) BWR EOS,37 Benedict–Webb–Rubin–Starling–Nishiumi
(BWRSN) EOS (see Refs. 38 and 39)] and experimental thermody-
namic data from the literature40 ¡ 42 is presented in Tables 4–9 and
Figs. 3 and 4.

The BWR EOS is the most widely used EOS in practical calcu-
lations. It calculates very accurately the thermodynamic properties
of real gases, though it is not suf� ciently accurate for the region
of real liquids. The equation contains eight constants and provides
very good results for simple moleculesover the entire range of pres-
sure and temperature. The BWRSN thermal equation is applicable
also for calculation in the region of liquids. It contains 15 constants
and also the in� uence of the polar molecules. The JS EOS contains
up to 100 constants. Today, the JS model is one of the most accu-
rate models and is suitable for the calculationof properties of polar
moleculesboth in the gaseousand liquid regions.Unfortunately,the
model in its present form cannot easily be applied to the calculation
of thermodynamic properties in mixtures.

Tables 4 and 5 show the deviation of the speed of sound for
saturated propane for the real gas region between the analytical
results obtained by the models on the basis of isotropic statisti-
cal thermodynamics (JZG), nonisotropic statistical thermodynam-
ics (JZG–MWF, JZG–LGa, and JZG–LGb), the complex JS model
using classical thermodynamics,and thermodynamicdata.40,41 The
analytical results obtained by statistical thermodynamicsshow very
good agreement.

Analytical results are presented also as a function of the average
absolute deviation (AAD) where

Table 4 Speed of sound c0 for R 290 (saturated vapor)

T , K
Model 223 243 283 323 343 AAD

JS 217 220 219 201 183 0.005973
JZG 217 221 215 193 166 0.033965
JZG-MWF 217 220 217 198 173 0.018633
JZG–LGa 217 220 218 201 186 0.017296
JZG–LGb 217 220 218 202 185 0.004856
Experiment40,41 215 219 218 201 184 ——

Table 5 AD for R 290 (saturated vapor)

T , K
Model 223 243 283 323 343

JS 0.009302 0.004566 0.004587 0 0.005435
JZG 0.009302 0.009132 0.013761 0.039801 0.097826
JZG-MWF 0.009302 0.004566 0.004587 0.014925 0.059783
JZG–LGa 0.00186 0.004566 0 0 0.01087
JZG–LGb 0.009302 0.004566 0 0.004975 0.005435

Table 6 Comparison between analytical results and experimental
speed of sound data for 70% R 50/30% R 744 mixture at 250 K

Model 10 bar 20 bar 60 bar 100 bar AAD, %

JZG 329 323 301.6 300 0.022364
BWR 332.4 315.2 277.5 272.1 0.047959
BWRSN 332.3 314.9 282.9 323.7 0.021633
JZG–LGa 329.8 323 288.8 313.1 0.006061
Experiment42 329 319 290 311.5 ——

Table 7 In� uence of ARVS for 70% R 50/30% R 744 mixture
with JZG–LGa model

T , K 10 bar 20 bar 60 bar 100 bar

250 0.002432 0.000929 0.04244 0.043667
300 0 0.000279 0.001141 0.000859
350 0 0 0.00026 0.000517

AAD =
(dataexp ¡ datacalc )

dataexp
number of points

(Table 4) and the absolute deviation (AD) where

AD =
(dataexp ¡ datacalc)

dataexp

(36)

(Table 5)dependingon the temperature.Figure 3, showing the effect
of nonisotropic interactions by means of the absolute ratio of the
speed of sound (ARVS), is especially interesting:

ARVS = ABS
c0nonisotropic ¡ c0isotropic

c0isotropic

(37)

where c0isotropic is the speed of sound obtained based on the LJ (JZG)
model.

As is evident from Fig. 3, the effect of nonisotropic interactions
on the speed of sound in the region of higher pressure can exceed
10%.
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Table 8 Speed of sound c0 for R 717 (saturated vapor)

Model

T , K V , m3 /kmol Experiment40 JS BWRSN JZG JZG–LGa JZG–MWF

223 44.7600 376.20 377.00 375.70 377.90 377.90 374.40
243 16.3700 389.60 389.30 389.60 390.80 390.60 387.30
263 7.0720 399.60 398.16 401.20 400.60 400.70 398.80
283 3.5020 406.80 403.30 410.00 406.00 406.70 408.40
303 1.8530 410.00 404.50 403.00 404.80 407.30 408.40
323 1.0670 409.20 414.70 414.00 395.80 403.00 414.70
343 0.6430 402.90 401.40 409.00 374.70 394.10 416.70
363 0.3950 388.80 379.10 398.10 332.40 384.60 411.00
373 0.3090 377.20 369.40 390.70 296.50 384.50 368.80
AAD —— —— 0.0101 0.0129 0.0540 0.0093 0.0164

Table 9 AD of speed of sound for R 717 (saturated vapor)

Model

T , K V , m3 /kmol JS BWRSN JZG JZG–LGa JZG–MWF

223.0 44.7600 0.0021 0.0013 0.0045 0.0045 0.0048
243.0 16.3700 0.0008 0.0000 0.0031 0.0026 0.0059
263.0 7.0720 0.0036 0.0040 0.0025 0.0028 0.0020
283.0 3.5020 0.0086 0.0079 0.0020 0.0002 0.0039
303.0 1.8530 0.0134 0.0171 0.0127 0.0066 0.0039
323.0 1.0670 0.0134 0.0117 0.0327 0.0152 0.0134
343.0 0.6430 0.0037 0.0151 0.0700 0.0218 0.0343
363.0 0.3950 0.0249 0.0239 0.1451 0.0108 0.0571
373.0 0.3090 0.0207 0.0358 0.2139 0.0194 0.0223

Fig. 3 In� uence of multipolar and induction forces on the speed of
sound for R 290: , JZG–MWF; j , JZG–LGa; and m , JZG–LGb.

Fig. 4 In� uence of multipolar and induction forces on the speed of
sound for R 717: , JZG–LGa, and ² , JZG–LGb.

The reason is that propane is a relatively large molecule with 11
atoms.

Tables 6 and 7 show the difference in the speed of sound for a
mole fraction mxture of 70% methane and 30% carbon dioxide in
the real gas region, calculatedby models based on isotropic statisti-
cal thermodynamics (JZG), nonisotropicmodels obtained from the
perturbationpartof the referenceLJ potential(JZG–LGa), and mod-
els obtained by classical thermodynamics (BWR and BWRSN). In

comparison with experimental results,42 however, somewhat larger
deviations can be found in the high-pressureregion due to the large
in� uence of the higher-order multipolar, dispersion forces. On the
basis of AAD (Table 6), we can conclude that the best results come
from the JZG–LGa model.

Because of spherical symmetry, the molecules of methane have
no dipole and quadrupole moments. The linear molecules of car-
bon dioxide, on the other hand, have a relatively very high effect of
nonisotropic interactions resulting from the quadrupolemoment.2,3

Nevertheless, the results obtainedby means of the JZG model show
only about a 2% AAD (Table 6) due to a relatively small mole frac-
tion of carbon dioxide. Table 7 shows ARVS in relation to pressure
and temperature. The greatest effect of nonisotropic interactions is
found in the low-temperature and high-pressure region, where the
contribution of nonisotropic interactions to the speed of sound is
even higher than 4%.

Tables 8 and 9 show the variation in the results for ammonia
among analytical computations based on statistical thermodynam-
ics (JZG and JZG–LGa), classical thermodynamics (JS, BWR, and
BWRSN), and experimental thermodynamic data.40

Our expectations concerning a strong in� uence of nonisotropic
interactions for ammonia were realized. Ammonia, as a relatively
very polar substance, has a large dipole and quadrupole moments.2

In the higher pressure regions, above all, the contribution of non-
isotropic interactions to the speed of sound may exceed 20%
(Fig. 4).

We concentrated of the study of the in� uence of anisotropic in-
teraction to the speed of sound in the case of real gases. The Lucas–

Gubbins (LG) model (JZG–LGa and JZG–LGb) yields better re-
sults, especially at high pressures, than the MWF model (JZG–

MWF). The advantage of JZG–LG models is that, apart from the
in� uence of multipolar moments, they also take into account the
polarization effects. Simultaneously, with the development of the
JZG–LG models, the mathematical model dealing with higher or-
ders of multipole moments can be developed, for example, the oc-
topole moment.

As evidentfromTables4–9 andFigs. 3 and4, the in� uenceof non-
isotropicinteractionsis very important in the regionof high pressure
or in the region where the compressibility factor deviates sharply
from ideality. What is crucial here is the shape of the molecules and
their molecular structure.
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Summary
The paper presents a mathematical model for computationof the

speed of sound in the gaseous regions.
For a real � uid, the JZG model, basedon molecular dynamics and

LJ simulations and a modi� ed BWR EOS, was applied. Multipolar
and induction interactions are calculated with the help of quantum
mechanical calculation of the intermolecular energy function, the
L–G perturbation theory, and the MWF model. The multipole ex-
pansion is terminated at the quadrupole term.

The analyticalresults are comparedwith the thermodynamicdata
and analytical results obtained by classical thermodynamics, and
they show very good agreement.
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